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We have conducted a theoretical evaluation of the linear and nonlinear polarizabilities
of various hydrocarbon compounds using perturbation theory of the Hiickel Hamil-
tonian. We have found that for polyene chains the alternation of carbon~carbon bond
lengths is a crucial feature. Secondly, we have found that for halogen substituted
benzene molecules, the inclusion of differential overlap is essential to reproduce the
trend in the hyper-polarizability that is observed in experiment. This contrasts with
the standard result that differential overlap produces no qualitative change for pure
hydrocarbon molecules.

INTRODUCTION

The recognition in recent years of the presence of large optical non-
linearities in organic materials has led to a surge of interest in ther-
motropic liquid crystals.! Two particular points of interest have de-
veloped regarding liquid crystals. Firstly, what roles do the unusual
structural properties of liquid crystals play in determining the non-
linear response of these materials, and secondly, how may the non-
linear properties be understood and controlled by relating them to
the chemical structure of the molecules which form liquid crystals.
In describing the chemical structural features of organic molecules
which form liquid crystalline phases, it is often stated that an im-
portant requirement is the presence of a polarizable aromatic core.
This polarizable core often consists of more than one benzene ring
connected by a variety of linkages. Further analysis of liquid crystal
chemical structures show that the type of linkage and the presence
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of various constituent groups strongly influence the type of liquid
crystalline phases that the material exhibits.

The chemical features of molecules, which are crucial in deter-
mining the type or existence of liquid crystailine phases, seem to be
nearly identical to the chemical considerations to be studied in in-
vestigating methods of enhancing optical nonlinearities. Although
there seems to be a large base of experimental information on the
effects of chemical structure on liquid crystallinity, the empirical in-
formation on the correlations between chemical structure and non-
linear optical properties is more tenuous,

In a theoretical approach one would like to begin with the chemical
formula of a liquid crystal molecule and eventually predict the bulk
linear and nonlinear electric susceptibility tensors. This rather am-
bitious task can be divided into a molecular problem of calculating
the electronic linear and nonlinear properties of a single molecule,
and the problem of then relating properties of the bulk to those of
the constituent molecules. In addition to this separation, there are
considerations of static vs. dynamic properties which involve re-
orientation and relaxation processes in the bulk and frequency de-
pendence of electronic properties.

The study being presented here is concerned with the theoretical
determination of.the static electronic linear and nonlinear polariza-
bility of conjugated molecules. The “polarizable core™ of a liquid
crystal molecule is such a system.

There is substantial experimental evidence? that the large optical
nonlinear response in thermotropic liquid crystals and similar organic
materials is directly linked with the delocalized character of the «-
electron wavefunctions. The experimental evidence supports the the-
oretical model that separates the contributions of various molecular
segments into additive and non-additive classes. The delocalized con-
jugated portions of the molecule, such as a benzene ring, are non-
additive in that two connected rings do not simply produce twice the
polarizability of a single ring. In contrast, an alkyl chain with twice
as many CH, segments is essentially twice as polarizable, once simple
geometrical considerations are made. In a similar vein, the o bonds
and core electronic contributions may also be treated as additive,
leaving only wr-electrons and the complications of the heteroatoms
and substituent groups as the principal theoretical problem.

In the following sections we will outline the theoretical methods
employed to determine this non-additive part of the molecular po-
larizability. In particular, we will present results for selected chain
and ring geometries which particularly provide information on the
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effects of molecular geometry on nonlinear polarizability as well as
the effect of certain specific chemical substituent groups.

METHODS

The energy of a molecule in an applied field can be written as an
expansion in powers of the field strength

E:Eo—‘p,'Fi_la

1
2 i/‘FiFj - EBiijiFij -

1
EZ ‘/zjklEP}FkFl

where E, is the ground state energy in the absence of an applied
field, p; is the dipole moment in the ith direction, a is the linear
polarizability, 8 and +y are the second and third order hyperpolariz-
abilities, F; is the applied field along the i axis and repeated indices
are summed over the cartesian components, x,y,z. The quantities a,
B, and vy are determined by the electronic structure of the molecule,
including all electrons, but in general the w-electrons are the major
contributors. We note that B is zero by symmetry for the pure hy-
drocarbons we have studied, but non-zero for the substituted ben-
zenes. However, the spatial average of 3, taking into account the
different molecular orientations in the condensed phase, is zero for
all the molecular systems considered in this work. In principle, one
must solve the Schroedinger equation to obtain all the necessary
information, but from the practical point of view this is impossible.
Instead, we employ a model Hamiltonian to describe the w-clectrons
with the contention that this will provide the polarizability and hy-
perpolarizability with sufficient accuracy.?

The Hamiltonian which we employed for these calculations was
the Hiickel Hamiltonian which has been extensively described else-
where.* The assumptions in the Hiickel Hamiitonian are that each
electron in the w-system moves in an effective one-particle potential
formed by the atomic core electrons and nuclei and by the o-bonded
electrons. Its principal simplifying assumption is that the Coulomb
repulsion among the m-electrons is ignored. The basis states which
were used were the set of atomic P, orbitals. The state vectors were
formed by the linear combination of atomic orbitals (LCAO) method.
In the atomic orbital basis set, we must concern ourselves with the
two following types of matrix elements,

<¢a|H,¢b> = Bubv
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and

<¢a,¢b> = Sub

where ¢, and ¢, refer to P, orbitals centered on sites a and b.

In the Hiickel approximation the first matrix element is treated as
follows. If & is equal to b, then it is referred to as the Coulomb
integral, a,, and is approximately equal to the ionization energy of
an electron in a P, orbital on an isolated atom of that species. If a
and b are neighboring atomic site labels (i.e. atoms connected by a
chemical bond), the matrix element is termed the resonance integral,
B, which depends on the two atom types and on the bond length. If
a and b are not equal or bonded neighbors, the integral is set equal
to zero. Similarly, S, is unity if @ = b, a number §,, determined by
atom types and bond length if @ and b are bonded neighbors, and
zero otherwise. The quantity S, for @ # b is called the differential
overlap.

To perform actual calculations, numerical values must be assumed
for the above matrix elements. In the zero differential overlap ap-
proximation (i.e. S,, = 8,,), the value of 8 for the C—C bond in
benzene (which has a length of 1.397 A) is —2.40 eV.® This value
results in the first excited state of benzene lying 4.80 ¢V above the
ground state. As the C—C bond length varies from molecule to
molecule, we have varied B according to the standard formula®
B = B, + (3.21 eV/A)(r — r,) where r is the bond length and 8,
and r, are the corresponding values given above for benzene. The
value of a for a carbon atom was taken to —11.26 eV although this
in practice serves only to set the zero of energy. For heteroatoms the
relevant o’s, B's, and bond lengths are given in Table I, along with
the sources from which we obtained our values.

The value of S has been calculated to be 0.268 for C—C in benzene
and 0.296 for C—C in ethylene.® These data lead to the empirical
form § = S, — (0.46/A)(r — r,) where S, and r, are the values for
a C—C bond in benzene. When the effect of overlap is included, the
values for the B’s change. By assuming the same respective energies
for the first excited states of benzene and ethylene as obtained without
overlap, we get the relationship B = B, + (7.83 eVIAYr — r,),
where B, the value for a C—C bond in benzene, is —5.24 eV. The
o for carbon doesn’t change, and the expressions in Table I are still
valid for heteratom parameters when overlap is not neglected. Due
to a lack of more detailed information, S was assumed to be 0.25 for
all bonds other than C—C (e.g. C—N, etc.).
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TABLEI
Values of parameters used for substituted aromatic rings.

X Y a (Ref.5) | B, (Ref.5) | r (Ref.7)
C C @, B, 1.397 A
C N a,+1.5p, 8, 1.38A
C 0 a,+B, 0.8, 1.36 A
C F a,+3 8, 0.78, 1.30A
C Cl a,+2B, 0.4 B, 1.70 A
C Br a,+1.5p, 0.3 B, 1.85 A

To calculate the polarizability and hyper-polarizability, the single
particle eigenstates and eigenenergies of the Hamiltonian of the mol-
ecule must be determined. To accomplish this, we solved the eigen-
value equation HC, = €,SC,, where H and S are N by N matrices,
N is the number of atom sites that are part of the conjugated system,
€, is the nth eigenenergy and C, is the nth eigenvector which is
normalized to one, (C,|S|C,) = 3,,. In practice, it was found easier
to solve the equation as S~ 'HC, = ¢,C,, where S™'H now has the
role of the usual Hamiltonian.

Once the Hamiltonian matrix was formed, it was diagonalized to
give the eigenvalues and eigenvectors. This gave a set of N single
particle eigenenergies. The m-electron ground state was then formed
by doubly filling the N, /2 lowest energy levels, where N, is the number
of electrons in the 7 system (an even number in all cases considered
here). The wave function is a Slater determinant using these occupied
single particle levels. The value of the polarizability is then given by
tirst-order perturbation theory as’

P (o|pliXilnylo)

a =
® i#0 Ei - E()

N
where p, is the dipole operator along the é, axis,

Ne
p,=e> (R, &)

P is the permutation operator which counts all permutations of the
indices B and v, i) is an electronic state different from the ground
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state, |o) is the ground state, and E, is the energy of the state |n)
which is equal to the sum of the energies of the occupied single particie
eigenstates. Since the dipole operator is a single particle operator,
the relevant states |i) have only one electron in a single particle
eigenstate different from the eigenstate it occupied in the ground
state.

For the case of benzene, with six carbon atoms and six w-electrons,
the ground state would be formed by putting two electrons, one of
spin up and one of spin down, in the lowest three single particle
energy levels. An example of an excited state would then be three
spin up electrons in the lowest three energy levels, two spin down
electrons in the lowest two energy levels, and the third spin down
electron in the highest energy level.

Similarly, 4th-order perturbation theory gives as the expression for
the hyper-polarizability®

B Ollidilngl /)il )k o)
Yebw = U o (E, — ENE, — E)E, — E,)

s (o maldilnaloX(lln, ) lnelo)
i#o  (E; — E)(E; — E,))

(0l o) pgfiXil iyl X jlol0)
-2 sz*() (Ex - Eo)z(Ej - Eo)

(o] loXoluglo)ol i) pelo)
t 2 (E, - E)° }

where i, j, k are all labels for electronic states different from the
ground state. Here again, since the dipole operator is a one particle
operator, any matrix element between two states must have those
states differ by only one of the single particle states in their Slater
determinants in order to be non-zero.

In addition to the various spatial components of the molecular
polarizability and the hyper-polarizability, we will also present results
for the spatial average values of the polarizability and hyper-polar-
izability. This is of special interest because much of the experimental
evidence is obtained from isotropic fluids.®

For convenience in calculating molecular quantities, since all the
molecules we study are assumed to be planar, we chose the x direction
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to be along the long axis of the molecule, the y axis to be perpendicular
to x and in the plane of the molecule, and the z axis to be perpen-
dicular to the plane of the molecule. For the spatial averaging process,
the molecules were assumed to be part of an isotropic fluid with no
orientational order. By averaging over all solid angles, for the average
value of a we get a,,, = 1/3(a,, + o). We assume that all com-
ponents with a z coordinate are zero for planar molecules. For the
hyperpolarizability, the spatial averaging gives a value of v,,, =
1/5(‘YXXXX + 2'Yxxyy + ‘Yyyyy)'

RESULTS

In this section we will report the results of our calculations on various
conjugated structures. These calculations have been made with and
without the inclusion of differential overlap, and in tke case of linear
polyene chains, with and without bond alternation. The results will
be divided into three sub-sections: polyene chains, aromatic rings,
and substituted aromatic rings. The polarizabilities are in units of «,
= 102 cm? and the hyperpolarizabilities are in units of vy, = 1073
cm’/esu®.

Polyene Chains

The simplest conjugated structures that we consider in this paper are
linear polyene chains of formula C,H, , ,. As the odd-n chains occur
rarely in nature, we only will consider chains with an even number
of carbon atoms.

First, we will present the results for chains with all C—C bonds
the same length, all C—C resonance integrals the same value, and
all on-site Coulomb energies the same. In Table Il are presented
polarizability results for linear chains with non-alternating bond lengths
and the differential overlap set equal to zero. The components in the
xx and yy directions are presented, along with the spatial average
value.

Table II also presents the results from our calculations of the hyper-
polarizability of uniform linear chains with the differential overlap
set equal to zero. In the table are given the xxxx, xxyy, and yyyy
components, and the spatial average value. From the table we see
that the xxxx and xxyy components are of the same order of mag-
nitude, but of opposite sign, with the xxyy component being negative
and larger for most of the chains, while the yyyy component is much
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smaller than either of the other two. The negative value of the xxyy
component thus drives the average hyper-polarizability negative.

Table 111 presents the results for the polarizability of linear chains
when the differential overlap is set equal to 0.27 for all the C—C
bonds. Here again are given the two spatial components and the
spatial average. As in the case where the differential overlap was sct
equal to zero, the average polarizability for the longer chains is dom-
inated by the xx component. Comparison of the results from Table
II and Table III shows that the only apparent effect of adding a non-
zero value for the differential overlap was to increase the average
polarizability by a factor of 1.08.

Table 111 also gives the hyper-polarizability results when the dif-
ferential overlap was set equal to 0.27. The addition of the overlap
had very little effect on the xxxx component of the hyperpolariza-
bility, causing a decrease of approximately 3%. The value of the xxyy
component increased in magnitude by about 25%, and the value of
the yyyy component increased in magnitude by 20%, but remained
small in comparison to the other two components. The net effect of
these changes was to increase the magnitude of the average hyper-
polarizability by a factor of 2, while keeping the sign of the average
negative.

These results for the hyper-polarizability both with and without
overlap are inconsistent with experimental results and with the results
of other theoretical calculations. For the longer polyene chains, it is
found expeirmentally that the average hyper-polarizability is posi-
tive.'"* Other calculations have also concluded that the xxxx com-
ponent of the hyperpolarizability is much greater than the other com-
ponents. 15:1¢

Furthermore, experimentally it has been found that for the even-
numbered polyene chains, all the bonds are not of the same length,
but instead the bonds alternate in length, varying between 1.35 A
and 1.45 A.Y7 This causes the resonance integral to vary, as has been
discussed previously, and also causes the differential overlap to vary.

The results in Table IV represent calculations of the polarizability
done with the differential overlap equal to zero when the C—C bond
lengths were alternated between 1.45 A and 1.35 A, with the shorter
bond existing between the first two carbon atoms and then alternat-
ing. The values used for the resonance integrals were 2.23 eV and
2.57 eV, as discussed previously. The first thing that should be noted
from the data is the fact that alternating the bond length drastically
reduced the value of the xx component and of the average polariz-
ability.
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Table IV also presents the components and average hyperpolar-
izability for polyene chains when bond alternation is included, but
the differential overlap is set equal to zero. It can be seen immediately
that the addition of bond alternation had a profound effect on both
the xxxx and the xxyy components. The magnitude of the xxxx com-
ponent was increased by a factor of ten to twelve, while the magnitude
of the xxyy component decreased by a factor of up to twelve. This
has the net result of pushing the average value of the hyper-polar-
izability positive, in agreement with experimental evidence.

Table V gives the polarizability results for chains that alternate
bond length when the differential overlap is not set to zero. The
values used for the overlap were 0.25 and 0.29, as discussed previ-
ously. Here again the xx component and the average are drastically
reduced from the non-alternating case. When the bond lengths are
alternating, the addition of non-zero overlap reduces the polariza-
bility, where in the non-alternating case addition of overlap increased
the polarizability.

In Table V are also the hyper-polarizabilities for polyene chains
when bond alternation and differential overlap are included. The
addition of the overlap decreases the rate at which v,,,, and v,,.
increase with chain length, and also decreases the average value by
25%, although the average hyper-polarizability still remains positive,
in agreement with experimental values.

In Figure 1 we have plotted the average polarizability of the chains
as a function of the number of carbon atoms in the chain. From the
figure it can be clearly seen that bond alternation has a much larger
effect on the polarizability of the polyene chains than does the ad-
dition of differential overlap.

Figure 2 is a graph of average hyper-polarizability vs. chain number
for the alternating carbon chains. As we have stated previously, the
addition of bond alternation has made the value of the average hyper-
polarizability positive. The addition of differential overlap here has
decreased the average value but qualitatively has not aitered the
results.

Rings

The second group of conjugated structures that we studied were
bonded aromatic rings. The rings that we studied were connected in
two distinct ways. The first type were chains of fused aromatic rings
where two neighboring rings share a common side (i.e. two carbon
atoms), such as naphthalene, anthracene, etc. For molecules of three
and more rings we consider only the arrangement where the two
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FIGURE 1 Average polarizability of polyene chains.

neighboring rings are on opposite sides of a ring in the interior of
the chain. The second type of structures were linear chains of rings
with neighboring rings linked by a C—C bond, such as biphenyl,
terphenyl, etc. For both these types, the conjugation is assumed to
extend across all the carbon atoms in the molecule, and the w-elec-
trons are distributed across the whole planar molecule. The param-
eters used for these molecules were those commonly used for ben-
zene: the bond length used was 1.397 A and the value of the resonance
integral was —2.40 eV for the case of no overlap. For the biphenyl-
like structures, the assumption that the molecule is planar may not
be valid for the physical molecule due to twist about the CG—C bonds
connecting successive rings. This effect can probably be treated rea-
sonably by reducing the resonance integral for the twisted bond ap-
propriately. We have not performed this calculation.

Table VI presents the calculated polarizabilities for the naphthalene
type structures, both with and without the inclusion ot differential
overlap. Here again we present the xx and yy components of the
polarizability, along with the spatial average. As in the polarizability
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calculations for the polyene chains, the inclusion of differential over-
lap has little effect on the polarizability of the naphthalene-like ring
structures. The inclusion of overlap caused only about an 8 or 9%
increase in the average polarizability. By way of comparison, the
average polarizability of the fused six ring molecule is approximately
equal to that of a fourteen carbon alternating chain from the previous
section.

Table VI also includes the hyper-polarizability results for the fused
ring naphthalene-like structures. As in the polyene chain section, we
present the xxxx, xxyy, and yyyy components, along with the spatial
average value of the hyper-polarizability. The results when the dif-
ferential overlap was included, which are also in Table VI, show that
the addition of the differential overlap does not qualitatively change
the results, but does change the quantitative values of the various
components and the average hyper-polarizability. Overlap increases
the rate of growth of the average hyperpolarizability as the number
of rings increases. Also interesting to notice is the fact that the yyyy
component is negative for 3 or more rings and that the xxyy com-
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ponent is negative for 2, 3, or 4 rings but becomes positive for 5 or
more rings. The average hyper-polarizability of the six fused ring
molecule is approximately the same as that for a ten carbon alter-
nating chain.

In Table VII are presented the polarizability calculations for aro-
matic rings coupled in a biphenyl type structure, both with and with-
out the inclusion of differential overlap. Here again, we see that the
effect on the polarizability of adding differential overlap to the cal-
culation is to increase the value of the components and average by
8-10%. If a comparison is made to the data presented in Table VI,
it can be readily seen that the average polarizability is almost identical
for both types of molecules with the same number of carbon rings in
the molecule. This result holds true both with and without the inclu-
sion of differential overlap. The biphenyl type molecules have a larger
xx polarizability component than the naphthalene types, but the na-
phthalene type molecules have a larger yy component. In comparison,
the average polarizability of the five ring molecule is almost the same
as that for a twelve carbon alternating chain.

In Table VII are also presented the various hyperpolarizability
components and the spatial average for the biphenyl type ring struc-
tures. Here the addition of differential overlap has increased the value
of the xxxx component by approximately 209%. The magnitude of the
xxyy component also increased by about 20%, while the value of the
yyyy component decreased by 8%. The net effect of these changes
was to increase the value of the average hyper-polarizability by ap-
proximately 20%. If the comparison is made to Table VI, it can be
seen that although the two types of molecules had almost identical
average polarizabilities for molecules with the same number of aro-
matic rings, this is not the case for the average hyper-polarizability.
The biphenyl type molecules have a much greater value for both the
xxxx component and the average hyper-polarizability, compared to
the naphthalene-like molecules with the same number of aromatic
rings. The magnitude of the xxyy and the yyyy components is much
smaller for the biphenyl-like molecules. For these molecules the xxxx
component is much larger than either the xxyy or the yyyy compo-
nents, in direct contrast to the results for the naphthalene-like mol-
ecules. The average hyper-polarizability of the five ring molecule lies
midway between that for the ten and twelve carbon alternating carbon
chains.

Substituted Rings

The third type of molecules for which we have calculated the polar-
izabilities 1s the substituted aromatic rings. We have examined the
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FIGURE 3 Schematic structures of substituted benzenes. Choices of X studiced were
H, F, Cl, Br.

effects of appending various halogens or a methyl group to three
different aromatic ring structures (Figure 3), and have made com-
parisons between the polarizabilities with the different halogens at-
tached. The values of the resonance integrals and the Coulomb in-
tegrals used for the heteroatoms were the values in Table I; for the
overlap integrals a value of 0.25 was used for all the integrals.

In Tables VIII and IX are presented the polarizabilities and hyper-
polarizabilities for the three types of molecules with and without the
inclusion of overlap. A comparison of the two tables shows that
including overlap has a much greater effect on these molecules than
on the pure hydrocarbons. For the molecules presented in parts A)
and B), the inclusion of overlap had no qualitative effect on the
results. For the substituted aromatic rings, the inclusion of overlap
alters the trends shown in the polarizability and hyperpolarizability
for the substitution of the various halogens.

One of the major goals of this work was to be able to predict
qualitatively whether the inclusion of a different atom or atom group
would increase or decrease the polarizability and hyperpolarizability
of a molecule. In Table X and also in Figure 4 we present the average
hyperpolarizability of halogen-substituted benzenes (CsH:X), type C
in Figure 3, both with and without overlap. We also included in the
table the experimentally determined value of the average hyperpo-
larizability for the molecules.!®

As can be seen from the table, the experimental values lie between
the values we determined with and without the inclusion of differ-
ential overlap. Although the calculated average hyperpolarizabilities
when differential overlap is discounted are of the same size as the
experimental values, their relative values are not in the same order
as those determined experimentally. When the differential overlap is
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FIGURE 4 Comparison of experimental and calculated hyperpolarizabilities of sub-

stituted benzene molecules.

included, the average hyperpolarizability now falls below the exper-
imental values, but more significantly, the calculated values now agree
with the experimental as far as whether appending various halogens
will increase or decrease the average hyperpolarizability.

TABLE X
Experimental and calculated average hyper-polarizabilities of

substituted benzene.

X | =, | viseon, | R
H 0.0048 0.0028 0.0039
F 0.0058 0.0027 0.0032
Cl 0.0067 0.0033 0.0043
Br 0.0078 0.0045 0.0054
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CONCLUSIONS

In this paper we have presented calculations of the polarizabilities of
assorted conjugated hydrocarbons and substituted benzene. We have
shown that while the inclusion of the differential overlap does quan-
titatively alter the values of the polarizability and hyperpolarizability
for the polyene chains, the results are qualitatively the same in either
case. The inclusion of bond alternation on the other hand has a radical
effect on the hyperpolarizability, causing the average value to change
sign from negative to positive, which is consistent with the positive
values measured experimentally. The results for the aromatic rings
also show that while the inclusion of differential overlap changes the
hyperpolarizability, the changes remain fairly consistent across the
series of molecules. When the results of the calculations for the hal-
ogen containing compounds are compared to the experimental re-
sults, we have shown that to predict the relative values of the hy-
perpolarizability between molecules containing different halogens it
is necessary to include the differential overlap.
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